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Abstract
In his 1992 Ph.D. thesis Chang identified an efficient way to dominate m×n grid
graphs and conjectured that his construction gives the most efficient dominating sets
for relatively large grids. In 2011 Gonc¸alves, Pinlou, Rao, and Thomasse´ proved
Chang’s conjecture, establishing a closed formula for the domination number of a
grid. In March 2013 Fata, Smith and Sundaram established upper bounds for the k-
distance domination numbers of grid graphs by generalizing Chang’s construction of
dominating sets to k-distance dominating sets. In this paper we improve the upper
bounds established by Fata, Smith, and Sundaram for the k-distance domination
numbers of grids.
1 Introduction
Let G = (V,E) denote a graph with vertex set V and edge set E. We say that a subset
S of V is a dominating set of G if every vertex in G is either in S or adjacent to at least
one vertex in S. The domination number of a graph G is defined to be the cardinality of
the smallest dominating set in G and is denoted by γ(G).
We define the distance between two vertices v, w ∈ V to be the minimum number of
edges in any path connecting v and w in G. We denote the distance between v and w by
d(v, w). We say that a set S is a k-distance dominating set of G if every vertex v in G
is either in S or there is a vertex w ∈ S with d(v, w) 6 k, and we define the k-distance
domination number of G to be the size of the smallest k-distance dominating set of G.
For a comprehensive study of graph domination and its variants we refer the interested
reader to the two excellent texts by Haynes, Hedetniemi and Slater [11, 12].
This paper studies k-distance domination numbers on m× n grid graphs, which gen-
eralize domination numbers of grid graphs. For the past three decades, mathematicians
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and computer scientists searched for closed formulas to describe the domination numbers
of m×n grids. This search was recently rewarded with a proof of a closed formula for the
domination number of any m × n grid with m > n > 16 [8]. We recount a brief history
of the investigation here, and henceforth we let Gm,n denote an m× n grid graph.
In 1984, Jacobson and Kinch [14] started the hunt for domination numbers of grids by
publishing closed formulas for the values of γ(G2,n), γ(G3,n), and γ(G4,n). In 1993, Chang,
Clark, and Hare [4] extended these results by finding formulas for γ(G5,n) and γ(G6,n).
In his Ph.D. thesis, Chang [3] constructed efficient dominating sets for Gm,n proving that
when m and n are greater than 8, the domination number γ(Gm,n) is bounded above by
the formula
γ(Gm,n) 6
⌊
(n+ 2)(m+ 2)
5
⌋
− 4. (1)
Chang also conjectured that equality holds in Equation (1) when n > m > 16. In an
effort to confirm Chang’s conjecture, a number of mathematicians and computer scientists
began exhaustively computing the values of γ(Gm,n). In 1995, Hare, Hare, and Hedetniemi
[9] developed a polynomial time algorithm to compute γ(Gm,n) when m is fixed. Alanko,
Crevals, Isopoussu, O¨stergard, and Petterson [1] computed γ(Gm,n) for m,n 6 29 in
addition tom 6 27 and n 6 1000. Finally in 2011, Gonc¸alves, Pinlou, Rao, and Thomasse´
[8] confirmed Chang’s conjecture for all n > 16. Their proof uses a combination of
analytic and computer aided techniques for the large cases (n > m > 24) and exhaustive
calculations for all smaller cases.
While the concept of graph domination has been generalized in countless ways includ-
ing distance domination, R-domination, double-domination, and (t, r)-broadcast domina-
tion to name just a few [16, 13, 10, 15, 2], relatively little is known about these other
domination theories in grid graphs. However, in 2013, Fata, Smith, and Sundaram gener-
alized Chang’s construction of dominating sets for grids to construct distance dominating
sets that give the following upper bound on k-distance domination numbers of grids
γk(Gm,n) 6
⌈
(m+ 2k)(n+ 2k)
2k2 + 2k + 1
+
2k2 + 2k + 1
4
⌉
[7, Theorem V.10]. In 2014, Blessing, Insko, Johnson, and Mauretour improved the
previous upper bounds on 2-distance domination number to γ2 (Gm,n) 6
⌊
(m+4)(n+4)
13
⌋
− 4
for large m and n, but they did not consider γk (Gm,n) for k > 3 [2, Theorem 3.7].
The main result of this paper improves the upper bounds established by Fata, Smith,
and Sundaram:
Theorem 1. Assume that m and n are greater than 2(2k2+2k+1). Then the k-distance
domination number of an m×n grid graph Gm,n is bounded above by the following formula:
γk(Gm,n) 6
⌊
(m+ 2k)(n+ 2k)
2k2 + 2k + 1
⌋
− 4.
Figure 1 illustrates how our main theorem improves on the bounds for 3-distance
domination number γ3(Gm,n) given by Fata, Smith, and Sundaram in 2013.
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M N New Bound Old Bound
51 52 128 139
53 54 137 148
55 56 147 158
57 58 157 168
59 60 167 178
61 62 178 189
63 64 189 200
65 66 200 211
Table 1: Comparing upper bounds for γ3(Gm,n)
The rest of this paper proceeds as follows. In Section 2 we describe an embedding
of Gm,n into the integer lattice Z
2 and the k-distance neighborhood Ym+2k,n+2k of Gm,n.
Then we describe a family of efficient dominating sets for Z2 as the inverse images of a
ring homomorphism φk : Z
2 → Z2k2+2k+1. In Section 3 we prove that there exists an
ℓ¯ ∈ Z2k2+2k+1 such that
∣∣φ−1k (ℓ¯) ∩ Ym+2k,n+2k∣∣ 6
⌊
(m+2k)(n+2k)
2k2+2k+1
⌋
in Corollary 5. In Section
4 we prove that when m and n are sufficiently large, we can remove at least one vertex
from each corner of φ−1k
(
ℓ¯
)
∩ Ym+2k,n+2k to obtain a dominating set for Gm,n in Lemma
6. Our main result then follows immediately from Corollary 5 and Lemma 6.
2 k-Distance Dominating Sets in Z2
Let Z × Z = Z2 denote the integer lattice in R2. We embed an m × n grid graph Gm,n
into Z2 by identifying Gm,n with the following subset of Z
2
Gm,n = {(i, j) ∈ Z
2 : 0 6 i 6 m− 1 and 0 6 j 6 n− 1}.
We define a neighborhood Ym+2k,n+2k around Gm,n in Z
2 by adding k rows and columns
to the boundary of Gm,n. That is
Ym+2k,n+2k = {(i, j) ∈ Z
2 : −k 6 i 6 m+ k − 1 and − k 6 j 6 n+ k − 1}.
Fata, Smith, and Sundaram noted that a k-distance neighborhood of a vertex in Z2
is a diamond-shaped collection of vertices containing at most 2k2 + 2k + 1 elements [7,
Lemma V.3]. To condense our notation, we will denote the number of vertices in a k-
distance neighborhood by p = 2k2 +2k+1. We will now describe a family of dominating
sets of the lattice Z2 as the inverse images under a ring homomorphism. We define a
homomorphism φk : Z×Z→ Zp by (i, j) 7→ (k+1)i+ kj. Let ℓ¯ denote an element of Zp.
One can easily verify that φ−1k
(
ℓ¯
)
is a k-distance dominating set of Z2 [7, Lemma V.8].
The inverse image φ−12 (0¯) and the 2-distance neighborhoods of a few of its elements are
depicted in Figure 1.
Since the set φ−1k (ℓ¯) is a k-distance dominating set of Z
2 and the set Ym+2k,n+2k is
a k-distance neighborhood of Gm,n, the intersection of these sets φ
−1
k
(
ℓ¯
)
∩ Ym+2k,n+2k is
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Figure 1: The set φ−12 (0¯)
a k-distance dominating set of Gm,n for all ℓ¯ ∈ Zp. By moving each vertex in the set
φ−1k
(
ℓ¯
)
∩ (Ym+2k,n+2k −Gm,n) to its nearest neighbor inside Gm,n we obtain a dominating
set S ⊂ Gm,n. Figure 2 illustrates this construction for 3-distance domination of G6,6 (the
resulting dominating set S is highlighted in red).
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Figure 2: The grid G6,6, its neighborhood Y12,12, and a 3-distance dominating set.
In the next section we will give an upper bound on the number of vertices in the set
S and show that certain vertices can be removed from each corner of the set S and still
k-distance dominate Gm,n.
3 Finding an upper bound for
∣∣φ−1k (ℓ¯) ∩ Ym+2k,n+2k∣∣
Let p = 2k2 + 2k + 1 and φk : Z
2 → Zp be defined by (i, j) 7→ (k + 1)i+ kj as in Section
2. The following lemma proves that the inverse image φ−1k
(
ℓ¯
)
contains exactly one vertex
in any p consecutive vertices in any row or column of Z2.
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Lemma 2. Let ℓ¯ ∈ Zp. Then every p consecutive vertices in any row or column of Gm,n
will contain exactly one element of φ−1k
(
ℓ¯
)
.
Proof. Recall that (i, j) is in φ−1k (ℓ¯) for some ℓ¯ ∈ Zp if and only if
φk((i, j)) = (k + 1)i+ kj = ℓ¯ ∈ Zp.
Suppose now that (i, j) ∈ Z2 is in φ−1k (ℓ¯).
We will show that the points (i± p, j) and (i, j ± p) are the closest points to (i, j) in
φ−1k
(
ℓ¯
)
contained in the same row or column as (i, j). Let a ∈ Z be any integer. In the
quotient ring Zp we calculate
φk((i+ ap, j)) = (k + 1)(i+ ap) + kj
= [(k + 1)i+ kj] + (k + 1)ap
= [ℓ] + (k + 1)ap
= ℓ¯
and
φk((i, j + ap)) = (k + 1)(i) + k(j + ap)
= [(k + 1)i+ kj] + kap
= [ℓ] + kap
= ℓ¯.
Thus we see that (i+ ap, j) and (i, j + ap) are also in φ−1k
(
ℓ¯
)
for any a ∈ Z.
Suppose that 0 < q < p. We will show that (i± q, j) /∈ φ−1k
(
ℓ¯
)
.
φk((i±, j)) = (k + 1)(i± q) + kj
= [(k + 1)i+ kj]± (k + 1)q
= [ℓ]± (k + 1)q
First note that that 0 < k + 1, q < p. Hence (k + 1)q is a multiple of p if and only if
(k + 1)q = p. Now note that p = 2k2 + 2k + 1 has no real roots. Thus p can not possibly
factor as the product (k + 1)q for any 0 < q < p, and therefore [ℓ]± (k + 1)q 6= ℓ¯ in Zp.
Similarly, we note that p = 2k2+2k+1 can not factor as kq for any 0 < q < p. Hence
we see that that (i, j ± q) /∈ φ−1k
(
ℓ¯
)
for any 0 < q < p by computing
φk((i, j ± q)) = (k + 1)i+ k(j ± q)
= [(k + 1)i+ kj]± kq
= [ℓ]± kq 6= ℓ¯.
This completes our proof that the points (i± p, j) and (i, j ± p) are the closest points to
(i, j) in φ−1k
(
ℓ¯
)
contained in the same row or column as (i, j), and thus we conclude that
every p consecutive vertices in any row or column Gm,n will contain exactly one element
from the set φ−1k (ℓ).
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Our next result uses Lemma 2 to count the cardinality of the set φ−1k
(
ℓ¯
)
∩ Gm,n for
any ℓ¯ ∈ Zp when either m or n is a multiple of p.
Lemma 3. If either m or n is a multiple of p, then for any ℓ¯ ∈ Zp the cardinality of the
set φ−1k
(
ℓ¯
)
∩Gm,n is
|φ−1k
(
ℓ¯
)
∩Gm,n| =
mn
p
.
Proof. By Lemma 2, we know for every ℓ¯ ∈ Zp that every p consecutive vertices in any
row or column of Gm,n will contain exactly one element of φ
−1
k
(
ℓ¯
)
. If m = ap then every
row of Gm,n will have exactly a vertices from φ
−1
k
(
ℓ¯
)
in it. Similarly, if n = bp then every
column of Gm,n has b vertices from φ
−1
k
(
ℓ¯
)
in it. Hence |φ−1k
(
ℓ¯
)
∩Gm,n| =
mn
p
if either m
or n is a multiple of p.
When neither m nor n is a multiple of p, it is considerably harder to count the elements
in the set φ−1k
(
ℓ¯
)
∩ Gm,n for a particular ℓ¯ ∈ Zp. However, our next result proves that
there is at least one ℓ¯ ∈ Zp for which the cardinality of this set is bounded above by
⌊
mn
p
⌋
.
Proposition 4. If neither m nor n is a multiple of p, then there exists an ℓ¯ ∈ Zp such
that the cardinality of the set φ−1k
(
ℓ¯
)
∩Gm,n satisfies
|φ−1k
(
ℓ¯
)
∩Gm,n| 6
⌊
mn
p
⌋
.
Proof. To prove our claim, we will suppose that for some 1 6 n 6 m < p and for all ℓ¯ ∈ Zp
that |φ−1k
(
ℓ¯
)
∩Gm,n| >
⌊
mn
p
⌋
and derive a contradiction. Note that this is equivalent to
assuming that
|φ−1k
(
ℓ¯
)
∩Gm,n| >
⌊
mn
p
⌋
+ 1 (2)
for all ℓ¯ ∈ Zp.
Now we consider the mp by np grid Gmp,np. By Lemma 3 we know that for any ℓ¯ ∈ Zp
we have |φ−1k
(
ℓ¯
)
∩ Gmp,np| = mnp. We can also partition Gmp,np into p
2 many copies of
Gm,n. Supposing that Equation (2) is true for all ℓ¯ ∈ Zp, we derive the following absurdity
∣∣φ−1k (ℓ¯) ∩Gmp,np∣∣ > p2
(⌊
mn
p
⌋
+ 1
)
= ⌊mnp⌋ + p2
= mnp + p2
> mnp =
∣∣φ−1k (ℓ¯) ∩Gmp,np∣∣ .
This proves that Equation (2) cannot be true for every ℓ¯ ∈ Zp. Hence we conclude
that there exists an ℓ¯ ∈ Zp such that the cardinality of the set φ
−1
k
(
ℓ¯
)
∩ Gm,n satisfies
|φ−1k
(
ℓ¯
)
∩Gm,n| 6
⌊
mn
p
⌋
as desired.
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Corollary 5. For any m and n there exists an ℓ¯ ∈ Zp such that the cardinality of the set
φ−1k
(
ℓ¯
)
∩ Ym+2k,n+2k satisfies
∣∣φ−1k (ℓ¯) ∩ Ym+2k,n+2k∣∣ 6
⌊
(m+ 2k)(n+ 2k)
p
⌋
.
Proof. Note that the neighborhood Ym+2k,n+2k is isomorphic to the grid Gm+2k,n+2k by its
definition. Hence we can apply Lemma 3 to deduce that
∣∣φ−1k (ℓ¯) ∩ Ym+2k,n+2k∣∣ = (m+ 2k)(n+ 2k)p =
⌊
(m+ 2k)(n+ 2k)
p
⌋
for all ℓ¯ ∈ Zp when either m + 2k or n + 2k is a multiple of p. When neither m + 2k
nor n+ 2k is a multiple of p we can apply Proposition 4 to conclude that there exists an
ℓ¯ ∈ Zp such that
∣∣φ−1k (ℓ¯) ∩ Ym+2k,n+2k∣∣ 6
⌊
(m+2k)(n+2k)
p
⌋
otherwise.
Note that since φ−1k
(
ℓ¯
)
∩Ym+2k,n+2k is a k-distance dominating set for Gm,n, Corollary
5 proves that γk(Gm,n) 6
⌊
(m+2k)(n+2k)
p
⌋
.
4 Main Result
In the last section, we proved that γk(Gm,n) 6
⌊
(m+2k)(n+2k)
p
⌋
. This bound already im-
proves on any previously known result! In this section, we describe three techniques which
allow us to remove at least one vertex from each corner of φ−1k
(
ℓ¯
)
∩ Ym+2k,n+2k to obtain
a set that still dominates Gm,n. As a result, we prove that γk(Gm,n) 6
⌊
(m+2k)(n+2k)
p
⌋
− 4.
Lemma 6. Suppose that m and n are both greater than 2p. Then an element can be
removed from each corner of φ−1k (ℓ¯) ∩ Ym+2k,n+2k and the resulting set still dominates
Gm,n.
Proof. We will now describe how to remove at least one vertex from the northwest corner
of φ−1k (ℓ¯) ∩ Ym+2k,n+2k. For a fixed ℓ¯ ∈ Zp, the other three corners of the dominating
set φ−1k
(
ℓ¯
)
∩ Ym+2k,n+2k are all either rotations or mirror images of the northwest corner
of φ−1k
(
ℓ¯′
)
∩ Ym+2k,n+2k for some ℓ¯
′ ∈ Zp. Hence they are all isomorphic to one of the
cases considered below, and thus we can remove a vertex from each of them as well. (We
assume that m and n are both greater than 2p so that we can remove one vertex from
each corner, and none of the local shifts effect the other three corners.)
We start by introducing the following notation: We let the westernmost element in
φ−1k (ℓ¯) ∩ Ym+2k,n+2k on the northern boundary of Ym+2k,n+2k be denoted s. We let the
northernmost element in φ−1k (ℓ¯)∩Ym+2k,n+2k that is one column to the west of the western
boundary of Gm,n be called z. Finally, we label the line through s and z by L1 and the
line through s with slope k/(k + 1) by L2.
Our techniques for removing a vertex from the northwest corner of φ−1k (ℓ¯)∩Ym+2k,n+2k
depend on the slopes of L1 and L2, and they break down into three cases: Either the
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slope of L1 is negative, the slope of L1 is greater than the slope of L2, or the slope of L1
is positive but less than or equal to the slope L2.
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Figure 3: Case 1 before shifts
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Figure 4: Case 1 after the shifts
Case 1: If the slope of L1 is negative as depicted in Figures 3 and 4, then the
k-distance neighborhood of s does not intersect Gm,n. Hence, s can be removed from
φ−1k (ℓ¯)∩Ym+2k,n+2k and the resulting set still dominates Gm,n. To obtain a dominating set
of Gm,n that is contained entirely in Gm,n, move each element of φ
−1
k (ℓ¯) ∩ (Ym+2k,n+2k −
Gm,n) to its nearest neighbor in Gm,n.
Case 2: If the slope of L1 is greater than the slope of L2, then shift all of the elements
northwest of L1 to the east one unit so that we can remove s. As depicted in Figure 5,
let the southernmost vertex in the k-distance neighborhood of s be denoted u. (It lies on
the northern boundary of Gm,n and is due south of s.) Let the vertex at the intersection
of the northern boundary of Gm,n and L2 be denoted t. (It lies k + 1 vertices to the west
of u.)
Note that after shifting all of the elements northwest of L1 to the east one unit, the k
distance neighborhood of t will contain u. Hence s can be removed from our dominating
set. The previous shift leaves the vertex b on the western boundary of Gm,n undominated.
Note that the vertex b is k + 1 vertices north of z, so we can shift the vertex z up one
unit, and the k-distance neighborhood of z will contain b and all of the vertices that z
originally dominated before these two shifts. (The original domination neighborhood of
z is highlighted by circles in Figure 6.) Finally, we move every vertex in this dominating
set that lies outside Gm,n to its nearest neighbor inside Gm,n to obtain a dominating set
that is contained inside of Gm,n.
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Figure 5: Case 2 before shifts
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Figure 6: Case 2 after the shifts
Case 3: If the slope of L2 is greater than or equal to the slope of L1, then we can
shift all vertices in φ−1k (ℓ¯) ∩ Ym+2k,n+2k that lie on L1 to the east one unit as shown in
Figure 7 which causes t to dominate u. This allows us to remove s from our dominating
set, but it also creates a diagonal of uncovered vertices as shown in Figure 8.
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Figure 7: Case 3 before shifts
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Figure 8: Case 3 after first shift
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Now we take the vertices in φ−1k (ℓ¯) ∩ Ym+2k,n+2k that are strictly northwest of L1 and
shift them down one unit. This shift dominates all of the vertices on the undominated
diagonal. We then move every vertex in this dominating set that lies outside of Gm,n to
its nearest neighbor inside Gm,n to obtain a dominating set completely contained in Gm,n.
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Figure 9: Case 3 after second shift
In Cases 1, 2, and 3, we have shown how to remove at least one vertex from the
northwest corner of the dominating set φ−1k
(
ℓ¯
)
∩Ym+2k,n+2k for any ℓ¯ ∈ Zp, and the other
four corners look the same up to isomorphism. This proves that we can remove at least
four vertices from φ−1k
(
ℓ¯
)
∩ Ym+2k,n+2k provided the grid Gm,n is large enough so that the
corners do not overlap.
Note that the example illustrated in Figures 7-9 shows that it is sometimes possible to
remove two vertices from a corner of φ−1k
(
ℓ¯
)
∩ Ym+2k,n+2k when the slope of L1 is greater
than or equal to that of L2, because the vertex in the northwest corner of Figure 9 can
also be removed from the dominating set. So there are instances where we can remove
five vertices from φ−1k
(
ℓ¯
)
∩ Ym+2k,n+2k and still dominate Gm,n, but that is not the case
in general.
We are now ready to prove our main result.
Theorem 7. Assume that m and n are both greater than 2p where p = 2k2 + 2k + 1.
Then the k-distance domination number of an m×n grid graph Gm,n is bounded above by
γk(Gm,n) 6
⌊
(m+ 2k)(n+ 2k)
p
⌋
− 4.
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Proof. Corollary 5 shows that for some ℓ¯ ∈ Zp the set φ
−1
k
(
ℓ¯
)
∩ Ym+2k,n+2k contains at
most
⌊
(m+2k)(n+2k)
p
⌋
vertices. Lemma 6 shows that if m and n are both greater than 2p
then we can remove at least 4 vertices from the set φ−1k
(
ℓ¯
)
∩Ym+2k,n+2k and still dominate
Gm,n. Thus we have shown γk(Gm,n) 6
⌊
(m+2k)(n+2k)
p
⌋
− 4.
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